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ABSTRACT 

In this paper we introduce an exponential sum C P s {f",n) as a generalization of Ramanujan's sum C(r, n) and 
study some of its properties which give the well known result on C(r, n) as particular case. 
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1. INTRODUCTION 

A real or complex valued function / defined on N is called an arithmetic function. We denote the class of all 
arithmetic function by A . 

For any integer n > 1, let S be a nonempty set of positive divisors of n. For f,g E A their S-convolution, 
f S g , is defined by 

{fSg)(n)=Zf(d)g{^\ 

deS„ \U J 

Where the sum is over all elements d of S . 

Observe that if S n = D n (the set of all positive divisors of n) then (/ Dg)[n) = {f * g){n), where * is the 
classical Dirichlet convolution. Also if S n = U {the set of all unitary divisors of n (recall d is a unitary divisor of n if 

d\n and gcd d, — =1)} we have (/ U g){n) ={f ° g){n), where ° is the unitary convolution studied by Eckford 

yd) 

Cohen[3]. 

Introducing S-convolutions, Narkiewicz [6] has obtained a set of necessary and sufficient conditions on the set 
S n , so that the following hold: 

• S ) is a commutative ring with unity (in which £ given by £{n) = lorO according as n = 1 or n > 1 
is the unity); 

• / S g is multiplicative whenever/ and g are; 

• The arithmetic function u(n) = l for all n has inverse jU s G A relative to 5 (that is, u S jU^ = £ ) and 
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jU s (ft) = 0 or — 1 when n is a prime power. jU s is called the S -analogue of the Mobius function jU . 

Such a S-convolution is called a regular convolution. Note that both Dirichlet 
convolution and unitary convolution are regular. 

A non empty set P of positive integers is called a direct factor set if for n x , ft 2 with gcd(ftj , ft 2 ) = 1 we have 
ftjft 2 E P <=> 72] E Pandn 2 E P. A pair P and Q of direct factor sets is said to form a conjugate pair if every positive 
integer n can be written uniquely as n = ab, where aE P and bEQ. For such a pair note that P C^Q = {l}. 
As examples of conjugate pairs of direct factor sets we have (i) P = {l}, Q = N (set of all natural numbers) and (ii) 
P = the set of all k-free integers (that is, the integers not divisible by the /empower of any prime) and Q = the set of all 
k' h power of positive integers. 

For any integer ft > 1, S n denotes a set of positive divisors of ft. The elements of a complete residue system 
(mod n) such that (a, n) s E P where (a,n) s denotes the greatest divisor of a in S n , is called a (P, S) -reduced residue 
system (mod n) or simply a (P,S) - system (mod n). A (P,S) - system (mod n) from the numbers 1,2,3, will be 
called a minimal (P, S) - system (mod n). 

In case S n = D n , the set of all positive divisors of n, we note that a (P, S) -system (modn)is the P-reduced 
residue system (mod«) defined by Eckford Cohen[2]. 

The number of elements in a (P, S) -system (modn) is denoted by (p p s (tt) and it is called the (P, S) -totient 

function. Further it may be observed that in the case P = {l} the totient <p p s (n) reduces to (p s {n), the S-analogue of the 
Euler totient function discussed by P. J. McCarthy[5 and others. 



P.J. McCarthy[5] has defined the S-analogue of the Ramanujan sum by 




(a,n) s =l 



Where the sum is over the (p s \n) integers a with 1 < a < ft and [a,n) s = 1 . Among the several properties of 
the sum C s (r,n) the following has been obtained by P. J. Mc Carthy[4] 




n 



Where m — 




and S is a regular arithmetic convolution. 



Definition: The exponential sum C P s \r,n) is defined by 
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• C PS {r,n) = ^e(x r ,n) 

Where e{a, n) = Q 2maln an( j the summation is over the integers x in a (P, S) -system (modft) . 
Note that 

• C PD {r,n) = C p {r,n) 

Where C p {r, fl) is the exponential sum introduced by Eckford Cohen[2]. 
Also C P s (r,n) reduces to the S-analogue C s (r,n) if P - {1} 

It has been noted that by Eckford Cohen [2] that in the case P = {1} the sum C p {r, n) reduces to the well 
known Ramanujan trigonometric sum C{r, n). 

2. PROPERTIES OF C PS (r,n) 

In this section using the methods of Eckford Cohen [2] we obtain several properties of C P s (r,n) To do this we 
need the following result proved by V. Siva Rama Prasad and M. Ganeshwar Rao ([7] Equation 3.2). 
2.1 Lemma 

If P and Q form a conjugate pair of direct factor sets and S n is a set of regular divisors of n then 



M P ,s( n )= Z ^ 



2.2 



deS„nP \ u J 

Where jU s is the S-analogue of jU 

Also they have established a generalized inversion formula given below ([7], Theorem 4.1) 

Let P, Q be a conjugate pair of direct factor sets and S„ be a set of regular divisors of n Then for f , g 



deS.nQ V"/ 



2.3 

Now we prove 
2.4 Theorem 



deS„ 



yd j 



deS„ 
d\r 

Proof: Let 7] s (r, n) = C N S (r, n) , 
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Where N is the set of all natural numbers. Then by definition 
2.5 JJ s (r,n)= ^e(xr,n) 

(x,n) s eN 

Where the sum ranges over all integers x in a (N, S) -system (modft) . 

But a (N,S) -system (mod ft) is a complete residue system (mod n) and therefore the sum on the right of the 
statement of the theorem is over a complete residue system (mod n) and therefore we have 



2.6TJ s {r,n) = 



n if n\r 



Oif nlr 
In view of Lemma 2. 1 and (2.5) 



2j Cp,S 
deS„nQ 

Now 



V dj 



deS„ 



n 



deS„ 
d\r 



, proving the theorem. 



2.7. Corollary 

• If r = O(modn) then C PS {r,n)= <p PS {n) 

• If (r, n) = 1 then C P S {r,n)= jU PS {n) 

Proof:© If r = 0(modn) then every d £ S n is such that d I r so that in this case Theorem 2.4 gives 



Cp,s( r > n ) = Yu d l 1 P^ 



deS„ 
d\r 



\U J 



= Y d Mp,i 

deS„ 

=<p P A n ) 
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If {r, n) = 1 then only d G S n with d I r is given by G? = 1 . So that the only term on the right of the identity in 



Theorem 2.4 is 1 ■ jU p s — = jU p s {n). 

Hence C P s (r, n) = jU P s (n) in the case (r, ft) = 1 . 

2.8 Remark 

Corollary 2.7 shows that both <p p s {n) and //^ s (n) are particular cases of the exponential sum C P s {r,n), 
It has been proved by Narkiewcz [6] that 

2.9 A S-convolution is regular if and only if the sets S n have the following property. 
S mn =S m S n = {ab : a e S m ,b S S ;J } whenever gcd(r,«) = l. 

Also to prove the next theorem we need the following proved in [7] 

2.10 P is a direct factor set and S n is a set of regular divisor of n then jU P s is multiplicative. 

2.11 Theorem 

The function C P s {r, n) is multiplicative in n . 

Proof: Suppose gcd(m, n) = 1 then by Theorem 2.4, (2.9) and (2.10) 



C PS {r,mn)= Y, d Vp,i 



' mn* 



deS,„ 



yd j 



d \ eS :„ 

d^eS,, 

d,\r 

d,\r 

(^,d 2 )=l 



r \ 
mn 



^d l d 2 j 



y \d^d 7 p. p s 

d 2 eS n 

d { \r 

d 2 \r 

(d„d 2 )=\ 



( \ 




f \ 


m 




n 


\ d \ J 




V^2 y 





\ 








( \ 






f \ 




m 






n 




V^l J 




d 2 eS„ 








J 


\d 2 \r 




J 



d 1 eS m 

= C P , S (r, m) ■ C P S {r,n)^ ^ Theorem 2 j j 

Now Theorem 2.4, corollary 2.7 (i) and Theorem 2.4 give 
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12 <PpA n )= Tj d t* P , 



deSn 



V" J 



And 

2.13 <p p s (ft) is multiplicative function. 
2.14. Theorem 

ft,j(«k, s M 



Cp.s {r,n) = 



<Pp,s ( m ) 



where m = 



n 



{r,n) s 



Proof 



Suppose a = {r,n\ then a is the greatest divisor of r which is in S n and therefore we can write ft = a.m 
where (a, 7ft) = 1 Now by Theorem 2.4 we get 

C PS {r,n)= Y, d Mp, s 

deS„ 



dS=a 
deS„ 



v u j 



dS-a 
deS„ 



Since (a, m) = 1 and dS = a we get (S, m) = 1 so that by Lemma 2.1 and (2.12) we get 
2.15C P S {r,n)= £ rf// p s (<?)// p s (m) 



= Mp, s MYs d Mp,i 



deS„ 



= Mp, s (m)<p P , s {a) 

Now ft = a • m where (a,m) = 1 gives 

From (2.16) and (2.15) the Theorem follows. 
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2.16. Corollary 



If S is a regular convolution then 




(p s (m) 



, where m = 




n 



Proof: If P = {l} in the Theorem 2.15 we get the corollary, 



in view of (1.3). 



2.17 Remark 



P.J. McCarthy [5] has proved the Corollary 2.16. It may be noted that Suryanarayana [8] has established the 

formula given in Corollary 2.16 in the case S =U , the unitary convolution, while the result in the case S = D the 
Dirichlet convolution is well known. 

I thank Professor V. Siva Rama Prasad for his helpful suggestions in the preparation of this paper. 
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